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Instrumental Variables in Causal Inference and Machine
Learning: A Survey

ANPENG WU, Zhejiang University, Hangzhou, China

KUN KUANG, Zhejiang University, Hangzhou, China
RUOXUAN XIONG, Emory University, Atlanta, United States
FEI WU, Zhejiang University, Hangzhou, China

Causal inference is the process of drawing conclusions about causal relationships between variables using
a combination of assumptions, study designs, and estimation strategies. In machine learning, causal infer-
ence is crucial for uncovering the mechanisms behind complex systems and making informed decisions. This
article provides a comprehensive overview of using Instrumental Variables (IVs) in causal inference and ma-
chine learning, with a focus on addressing unobserved confounding that affects both treatment and outcome
variables. We review identification conditions under standard assumptions in the IV literature. In this arti-
cle, we explore three key research areas of IV methods: Two-Stage Least Squares (2SLS) regression, control
function (CFN) approaches, and recent advances in IV learning methods. These methods cover both classical
causal inference approaches and recent advancements in machine learning research. Additionally, we provide
a summary of available datasets and algorithms for implementing these methods. Furthermore, we introduce
a variety of applications of IV methods in real-world scenarios. Lastly, we identify open problems and sug-
gest future research directions to further advance the field. A toolkit of reviewed IV methods with machine
learning (MLIV) is available at https://github.com/causal-machine-learning-lab/mliv.
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1 Introduction

Causal inference and machine learning have emerged as two important and complementary re-
search areas, driving innovation across a wide range of disciplines, including economics [85, 181],
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social sciences [111, 118], epidemiology [126, 128], healthcare [118, 133], computer vision [73, 94],
and natural language processing [45, 160]. Causal inference provides a principled framework for
identifying cause-and-effect relationships in complex systems, enabling reliable predictions and in-
formed decision-making. Meanwhile, machine learning provides a rich toolkit—ranging from flexi-
ble function approximators to representation learning techniques—for modeling high-dimensional
and nonlinear relationships. The integration of causal inference and machine learning has garnered
increasing attention across various domains [136]. However, the presence of observed and unmea-
sured confounders, which are common causes of both the treatment and response variables, poses
challenges in identifying causal relationships. Even when all observed confounders are controlled,
systematic differences in unobserved key variables across treatment groups may still introduce
bias, commonly referred to as unmeasured confounding bias [136].

In causal inference and machine learning, most existing methods rely on the strong assump-
tion of unconfoundedness, where all relevant confounders are observed. Under this assumption,
recent surveys by Guo et al. [58] and Yao et al. [177] provide comprehensive reviews of approaches
for estimating causal effects from observational data, including (1) re-weighting, (2) stratification,
(3) matching, (4) tree-based methods, (5) representation learning, (6) multi-task learning, and (7)
meta-learning. However, when unmeasured confounding is present, these methods may fail to pro-
vide valid causal estimates. In such cases, instrumental variable (IV) methods offer a promising
alternative and are increasingly being incorporated into machine learning methods [58, 177].

IVs are exogenous variables that are correlated with the treatment (explanatory variables)
but affect the outcome (response variable) only through their influence on the treatment [3, 5,
66, 114]. By leveraging such instruments, researchers can isolate exogenous variation in treat-
ment and identify causal effects even in the presence of unmeasured confounding. IV meth-
ods are foundational in econometrics and are frequently introduced in textbooks as a primary
strategy for addressing endogeneity issues [31, 62, 72, 78, 167, 169]. However, these presenta-
tions often focus on linear models and traditional estimation techniques such as the General-
ized Method of Moments (GMM), with limited attention to their integration with modern
machine learning frameworks. In applied domains, IV methods have gained traction through
Mendelian Randomization (MR), which uses genetic variants as instruments to infer causal
effects of risk factors on health outcomes. Burgess et al. [28], Mokry et al. [110], and Sanderson
etal. [133] provide comprehensive reviews on the widespread adoption of MR in epidemiology and
genomics.

In this article, we present a comprehensive survey of IV techniques in causal inference and
machine learning, emphasizing their theoretical foundations, methodological developments, and
practical applications. We review the identification conditions required for IV methods and discuss
how machine learning can improve traditional treatment effect estimators, such as two-stage
least squares (2SLS) and the control function (CFN) approach [59, 66, 83, 84, 113]. Additionally,
we examine the use of machine learning algorithms to synthesize IVs [28, 29, 67, 96, 179], and how
IVs can be applied in machine learning [136, 154, 178, 184]. Several existing surveys discuss causal
effect estimation methods under the unconfoundedness assumption, such as those introduced by
[58, 177]. To summarize, our contributions are as follows:

— Comprehensive review. We survey IV methods within the potential outcomes framework,
including identification conditions, two-stage regression methods, and CFN algorithms.

— General settings. In cases where valid instruments are not directly observable, we review
methods for IV testing and data-driven IV discovery.

— Resource aggregation. We compile state-of-the-art methods, benchmark datasets, open-
source implementations, and illustrative applications.
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Fig. 1. Outline of the survey.

9. Conclusion

— Reproducibility. We develop the MLIV platform, a curated toolkit that integrates existing
implementations of IV methods in machine learning, available at https://github.com/causal-
machine-learning-lab/mliv.

The structure of the article is outlined in Figure 1. In Section 2, we introduce the potential
outcomes framework and IV methodology, including key definitions, assumptions, and challenges.
In Section 3, we present the structural assumptions for the identification of causal effects using IV
methods. We review the 2SLS-based and CFN-based methods in Sections 4 and 5, respectively. In
Section 6, we review the literature on IV selection and IV synthesis. Section 7 provides practical
guidance for empirical applications, followed by a review of IV-based applications in Section 8.
Section 9 concludes with open challenges and future research directions.

2 Basicof IVs

The concept of IV dates back to Philip Wright’s work, The Tariff on Animal and Vegetable Oils
[170], published in 1928. In this study, Wright introduced the IV regression as a way to address the
endogeneity issue in economic models, particularly when the explanatory variables are correlated
with the error term. By employing IVs that are correlated with the endogenous explanatory vari-
ables but uncorrelated with the error term, Wright provided a framework for obtaining consistent
parameter estimates, laying the foundation for modern econometrics [82, 150]. Later, Haavelmo
[60] and Reiersel [124] applied a similar approach in the context of errors-in-variables models and
further advanced the IV framework. The classical IV estimator is commonly implemented via the
2SLS method. In the first stage, the endogenous treatment variable is regressed on the instruments
to obtain predicted values. In the second stage, the outcome variable is regressed on these predicted
values, yielding an estimate of the treatment effect that is robust to endogeneity.

ACM Comput. Surv., Vol. 57, No. 11, Article 292. Publication date: June 2025.
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In this article, we adopt the following notation conventions: capital letters (e.g., X) denote ran-
dom variables or vectors, lowercase letters (e.g., x) denote their realizations, and calligraphic let-
ters (e.g., X) denote their support. The subscript i indicates the i-th unit, and bold symbols (e.g.,
X = [X1,X>,...,X,]) denote matrices or collections of variables across n units. Next, we introduce
the potential outcomes framework for IV estimation [129, 130], outline key challenges in causal
effect estimation, and discuss methods for treatment effect estimation using instruments.

2.1 Potential Outcome Framework
The Rubin causal model [129-131], also known

as the potential outcome framework, provides X U

a foundational structure for analyzing causal @ Unmeasured
effects and is widely used in IV methods. In this @ Observable
article, we adopt this framework to study the P

causal effects of treatments on outcomes. For

o . . VA T Y
simplicity, we first consider the case of a sin-
gle treatment and a single instrument. Exten- Fig 2. The causal framework, where 0— encodes a di-
sions to multi-dimensional treatments and in- rect effect or a common cause of Z and T.
struments will be discussed in Sections 3.3, 4.2,
and 5.2. Let the observed dataset be denoted as D = {Z, X, T, Y}, , as illustrated in Figure 2. Here,
the treatment variable is T € 7 C R, representing an intervention or exposure, and Y € Y c R
denotes the outcome. Z € Z C R is the IV, which affects the treatment T but has no direct effect
on the outcome Y other than through T. The variable X € X C R represents observed covariates
that may confound the relationship between T and Y.

In practice, there may also exist unmeasured confounders U € U C R that affect both T and Y.
We consider Z, X, and U to be pre-treatment variables, collectively denoted as V € V C R, which
may influence the assignment of treatment and the resulting outcome.

To formalize these relationships, we assume the following linear structural equations:

T(Z,X,U)=aZ+0rX +er,  Y(T.X,U) = BT + 0y X + ey . (1)

where a, 5, 01, 0y are unknown coefficients, and f is the causal parameter of interest, representing
the effect of treatment T on outcome Y. The terms er and ey represent random noise or unobserved
disturbances, which may be arbitrarily correlated with the unmeasured confounders U. We denote
T(Z,X,U) and Y(T,X,U) are potential treatments and potential outcomes, respectively, under
fixed values of Z (or T), X, and U. For notational simplicity, we use Y(T) to denote the potential
outcome under treatment level T, implicitly acknowledging its dependence on X and U. When a
unit receives treatment level T = t, the observed outcome is Y = Y(T = t), referred to as the factual
outcome. Conversely, Y(T = t’) for t’ # t represents a counterfactual outcome, corresponding to
the outcome that would have been observed under an alternative treatment level.

In observational data, the goal of causal inference is to estimate treatment effects, defined as
differences in potential outcomes of the form Y(T = ¢)-Y(T = 0), which quantify the causal impact
of receiving treatment level ¢ relative to no treatment. These effects can be studied at various levels
of granularity—population-wide, conditional on covariates, or at the individual level.

Definition 2.1 (Average Treatment Effect (ATE)).
ATE(t) = E[Y(T =t) - Yi«(T = 0)], (2)

which represents the expected effect of treatment ¢ across the entire population.

ACM Comput. Surv., Vol. 57, No. 11, Article 292. Publication date: June 2025.
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1004 | * X(Summer)
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Fig. 3. Toy example: Exploring the causal relationship between ice cream prices and sales considering (a)
Observed confounders, (b) Unmeasured confounders, and (c) Instrumental variables.

Definition 2.2 (Conditional Average Treatment Effect (CATE)).
CATE(t,x) = E[Y(T =) - Yi(T = 0) | X; = x], ®3)
which captures the expected treatment effect conditional on observed covariates X = x.

Definition 2.3 (Individual Treatment Effect (ITE)).
(1) =Yi(T=1t)-Yi(T =0), (4)
which measures the causal effect of treatment ¢ for a specific individual i.

These notions of treatment effect provide a comprehensive framework for understanding causal
relationships, from average effects across the entire population to more granular effects at the
subgroup and individual levels.

2.2 Main Challenges and Instruments
In observational data, estimating treatment effects can be challenging due to two primary issues:

(1) Unobserved Counterfactuals: For each individual, only the outcome corresponding to the
treatment received is observed, while outcomes for alternative treatments remain unknown.
This missing information prevents direct comparison of causal effects.

(2) Confounding Bias: Non-random treatment assignment often results in imbalances in con-
founders, which influence both the treatment and the outcome, leading to biased estimates.

Taking ice cream sales as a toy example, consider the treatment T as the price of ice cream and
the outcome Y as the sales. Confounders such as seasons (X) may influence both T (e.g., price
adjustments based on season) and Y (e.g., higher sales during hot summer days). As illustrated by
the colorful lines in Figure 3(a), if the confounders are observable, we can apply causal techniques
to control and balance them, concluding that sales (Y) and prices (T) are negatively correlated.
Although numerous works in causality and machine learning have addressed biases from observed
confounders [48, 58, 140, 177], the unmeasured confounders pose additional challenges. As shown
in Figure 3(b), if we ignore unmeasured season confounders and treat all nodes as a whole, the
relationship between T and Y may be biased. In such cases, if we directly apply ordinary least
squares (OLS) regression, we may find that higher prices are associated with higher sales, leading
to the wrong conclusion that increasing prices boost sales.

To overcome the issues from unmeasured confounders in observational data, researchers intro-
duced IVs to estimate causal effects [66, 83, 84, 113]. In the ice cream example (Figure 3), the cost
(Z) of producing ice cream serves as a valid IV, provided that consumer demand remains unaffected
by the underlying production expenses. Then, we can estimate causal effect by comparing the cor-
relation coefficients between Z and T and between Z and Y, ie., f = % Conceptually, an IV
is related to the treatment but not directly related to the outcome, except through its influence on

ACM Comput. Surv., Vol. 57, No. 11, Article 292. Publication date: June 2025.
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the treatment. Formally, we follow Hernan and Robins [78] and refer to Z € Z as an IV if it meets
the following three instrumental conditions.

Definition 2.4 (IV). Variable Z is an IV if it satisfies the following three conditions:

(a) Relevance, Z is associated with T, i.e., Z L T does not hold,;

(b) Exclusion, Z does not directly affect Y, except through its potential effect on T, i.e., Y(t,z) =
Y(t,z") = Y(t) for all z, 2z’ and all t;!

(c) Exogeneity, Z and Y do not share causes, i.e., Y(t,z) L Z for all t and z.

When the three conditions are satisfied, the variable Z is referred to as a valid IV, and it can be
used to identify treatment effects. However, if either the exclusion or the exogeneity condition is
violated, Z becomes an invalid IV, leading to unreliable results from IV regression. The exclusion
condition is frequently implicitly imposed when the structural equation of Y does not include Z.
In the ice cream example, certain production costs (Z) that are unaffected by seasonal fluctuations,
such as labor costs or employee wages, influence only the pricing but do not directly affect con-
sumer demand, making Z a valid IV. Therefore, we can use Z to isolate and estimate the causal
effect of pricing on ice cream sales by leveraging the relationships between variables Z, T, and Y.

In practical applications, the exclusion and exogeneity conditions are inherently untestable.
Therefore, researchers often rely on expert knowledge, structural assumptions, or randomized
intent-to-treatment designs to identify and validate IVs. Furthermore, even when the three IV con-
ditions are satisfied, additional assumptions are often required to identify causal effects. To this
end, a growing literature has focused on relaxing these identification assumptions for more general
scenarios [2, 3, 68, 74, 79, 113, 114], which will be discussed in Section 3.

Remark 2.5. In the special case of binary instruments and binary treatments, Angrist, Imbens,
and Rubin [3, 5] suggest that the IV approach allows us to identify local treatment effects, but typi-
cally not the global effect. Specifically, in binary cases, where instrument variables (Z) are different
intervention assignments and treatment variables are individuals’ responses to assignments (T(2)),
we can define four different compliance types by the pair of values (T(Z = 0), T(Z = 1)) [83]:

n (never taker) if T;(0) = T;(1) = 0
e le (complier) if T;(0) =0,T;(1) = 1 5)
i
d(defier) ifT;(0)=1,T;(1) =0
a(always taker) if T;(0) = T;(1) = 1
In such cases, the average treatment effects for compliers, referred to as the local average
treatment effects (LATE), can be identified and is formally defined as follows:
Definition 2.6 (LATE).

LATE = E[Y;(T = 1) - Y;(T =0) | i € complier]. (6)

2.3 Two General Solutions of IV Regression

IV regression is a robust framework for addressing endogeneity in causal inference. Below, we
discuss two general solutions commonly employed in IV regression: 2SLS [46, 66, 112, 146]
and CFN Method [19, 120, 123, 168]. Both 2SLS and CFN share similar asymptotic properties in
large samples, ensuring consistency and unbiased causal effect estimation. The 2SLS approach

1Y(t, z) denotes the potential outcomes indexed by T = ¢ and Z = z. Since the potential outcomes do not depend on
Z = z given T = t, for the remaining parts of this article, we only index potential outcomes by T = .
2See for example Equation (2.1) in [114], Equation (12.4) in [62] and Equation (15.2) in [169].
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is often preferred for its intuitive nature, as it directly provides regression coeflicient estimates
after addressing endogeneity. However, in small sample settings, CFN can outperform 2SLS in
terms of efficiency, as it incorporates additional information about the endogenous structure
through the residuals, allowing for a more precise adjustment of endogeneity-related biases. To
illustrate the differences between these methods, consider the simplified linear models derived
from Equation (1), i.e., T = aZ + er and Y = ST + ey, omitting covariates X for clarity. We adopt
2SLS and CFN to predict the causal parameter f.

2.3.1 2SLS. 2SLS is a two-step statistical method for addressing endogeneity and estimating
causal effects in IV regression. It establishes the relationship between instruments and treatments
in the first stage and then uses this relationship to estimate the effect of treatments on outcomes
in the second stage. The procedure is as follows:

Stage 1: Regress treatments T on instruments Z with T =t;, _,andZ =z, ,

@ = argming = Y7 (t; — az;)?, (7)

Let P, = Z(Z'Z)"' 7/, and the predicted treatment is T=Za=7 (2’Z2)'Z'T =P,T.
Stage 2: Regress outcomes Y on the predicted values Twith Y = y1,...n and T= t...n

Pasts = argming 2 27 (y; - Bii)?, 8

that means /§25LS = (T'P;T) ! T'P;Y. This requires a strong linear relationship between covariates,
instruments, treatments, and outcomes. Nonlinear variants of 2SLS are discussed in Section 4.

2.3.2 CFN Method. CFN estimates the effect of a treatment on the outcome by first calculating
residual variables from the treatment regression stage, then using these residuals and the true
treatment to estimate the outcome in the outcome regression stage:

Stage 1: Regress treatments T on instruments Z with T =t;, _,andZ =z, ,

@ = argming = Y7 (t; — az;)?, ©)

and the predicted residuals is: € = T—Zd =T — P,T.
Stage 2: Regress outcomes Y on the predicted residuals é with Y =y, _,and é = ¢,

fern, Oc = argming o 2 3 (y; — Bt; — 06,2, (10)

which gives (ﬁCFN, 6.) = (T, €)'(T, €))"(T, €)Y, where (A,B) means the concatenation of vec-
tors/matrices A and B. Nonlinear variants of CFN are discussed in Section 5.

2.3.3 Development of IVs. In this review, we strive to present a comprehensive overview of IV
methods in causal inference and machine learning. The development of IV methodologies is de-
picted in Figure 4, highlighting key milestones and innovations. Our primary focus is on machine
learning-based approaches, particularly those building upon 2SLS and CFN frameworks. Further-
more, we discuss recent advancements in learning IVs from candidate sets.

3 Identification

IV methods have been widely used in causal inference to address endogeneity issues in causal
effect estimation. However, even when we have a well-defined and valid instrument, identifying
causal effects remains challenging without additional structural assumptions. A fundamental as-
sumption in IV methods is the classical linearity framework, where the treatment and outcome

are modeled as T = aZ + 01X + €7, Y = BT + 0yX + €y, as shown in Equation (1). Then, we
Corr(Z,Y)
Corr(Z,T)"
ularly linearity, often fail to capture complex nonlinear relationships or heterogeneous effects in

can identify the causal parameter by f = However, these structural assumptions, partic-
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Fig. 4. The development of IV (mainly focus on machine learning methods).

real applications. To address these challenges, researchers have proposed more flexible approaches,
including frameworks for identifying LATE for specific sub-populations [3, 5] and nonparametric
methods for estimating CATE and ATE [66, 113]. In this section, we will explore the identification
assumptions for LATE, CATE, ATE, and other common approaches[68, 69, 79, 163].

3.1 LATE Identification

As illustrated in Remark 2.5, Angrist, Imbens, and Rubin [3, 5] sought to estimate sub-populations
whose average effects can be identified, specifically for the compliers (Equation (5)), instead of the
overall average effect. Below we list two assumptions. If either holds true, it is sufficient to identify
LATE.

AssuMPTION 3.1 (ZErRO ProBABILITY [2]). E[Y;(0) | Z; = z] and E[T; | Z; = z]| are nontrivial
function for all z, and there is a set Z such that 0 < P(Z € Zy) < 1andP(T =1 | Z = z) = 0 for
all z € Z,.

The Zero Probability Assumption ensures the existence of a value or a set of values, Zy, which
is realized with non-zero probability and for which the probability of participation is zero. This
assumption is sufficient for the identification of treatment effects. To see why, let A be an indicator
for the event Z ¢ Zy, i.e.,, A; = 1{Z; ¢ Zy}. Then, we have E[Y; | A; = 0] = E[Y;(0) | Z; € Zo] =
E[Y;(0)] following that when Z € Zy, P(T = 0 | Z = z) = 1 and E[Y;(0) | Z; = z] = E[Y;(0)].
Moreover, we have E[Y; | A; = 1] = E[Y;(0) | A; = 1]+P(T=1]|A=1)-E[Y;(1) - Y;(0) | T; =
1,A; = 1] = E[Y;(0)]+P(T = 1| A = 1)-E[Y;(1)-Y;(0) | T; = 1]. Since we can consistently estimate
P(T=1|A=1),E[Y; | A; = 0] and E[Y; | A; = 1], we can identify LATE = E[Y;(1) - Y;(0) | T; =
1] = (E[Y; | A; = 1] - E[Y; | Ay =0])/P(T =1 A=1).

AssumPTION 3.2 (MoNoTONICITY [3]). Forallz, the triple (Y(0), Y(1), T(z)) is jointly independent
of Z andE|T; | Z; = z] is a nontrivial function of z. For all z and w, either T(z) > T(w) orT(z) < T(w)
always holds for all subjects.
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The Monotonicity Assumption ensures that the instrument affects the participation or selection
decision in a monotone way. If, on average, subjects are more likely to participate given Z = z
than Z = w, then anyone who would participate given Z = w must also participate given Z = z.
Under this assumption, we have E[Y; | Z; = z] - E[Y; | Zi =w]=R(T=1|Z=2)-P(T =1 |
Z =w)) - E[Y;(1) = Y;(0) | T;(z) — T;(w) = 1]. As we can consistently estimate E[Y; | Z; = z] and
P(T = 1| Z = z) for any z, we can then identify LATE = E[Y;(1) — Y;(0) | Ti(z) — Ti(w) = 1].

3.2 ATE/CATE Identification

Recently, a growing stream of literature has focused on identifying ATE and CATE under weaker
structural assumptions on the outcomes. In this line of research, Newey and Powell (2003) [114],
among others, introduced the Additive Noise Assumption and proposed the flexible nonparamet-
ric instrumental variables (NPIVs) for the identification of treatment effects.

AssUMPTION 3.3 (ADDITIVE NOISE ASSUMPTION [114]). Consider the outcome model Y =
g(X,T) + €y, where the measurement errors €y can be arbitrarily correlated with U and satisfy
Eley | Xi, Zi] = 0.

Under the Additive Noise Assumption, the relationship between the outcome process and the
reduced form can be represented as a first-order Fredholm integral equation [93]. To obtain a
consistent estimation, [66, 113, 114] identified the causal effect as the solution to an integral:

Ely | x,z] = fg(x, t)dF(t | x, z), (11)
where F denotes the conditional cumulative distribution of ¢ given {x, z}. Since E[y | x,z] and
F(t | x,z) are functionals of the distribution function for the observable random vector (y, x, z),
they are identified. The identification of g and ATE/CATE thus depends on the existence of a
unique solution to the integral Equation (11). By substituting g(x, t) by another function §(x, t) in
Equation (11), we can see that the identification is equivalent to the nonexistence of any function
d(x,t) = g(x,t) — g(x,t) # 0 such that the conditional expectation E[d(x, t) | z] = 0.

When g can be identified, we can identify CATE and ATE:

CATE(t, x) = g(x,t) — g(x, 0), ATE(t) = E[CATE(t, x)] . (12)

[66, 114] characterized identification of structural functions as completeness of certain conditional
distributions E[er | z] = E[ey | z] = 0, where er and ey might be arbitrarily correlated with U.

3.3 More General Assumptions

In the econometrics literature [68, 69], Homogeneity Assumption is a more general version than
Monotonicity Assumption and Additive Noise Assumption for multi-dimensional instruments and
treatments. Next, we describe two general Homogeneity Assumptions and No Effect Modifica-
tion Assumption. The previous assumptions can be viewed as a special case of Homogeneity
Assumptions.

AsSSUMPTION 3.4 (HOMOGENEOUS INSTRUMENT-TREATMENT ASSOCIATION [26, 68, 163]). The as-
sociation between the IV and the treatment is homogeneous in the different level of unmeasured con-
founders, i.e,B[T | Z =2,U|-E[T | Z=w,U|=E[T | Z=2]-E[T | Z=w].

AssuMPTION 3.5 (HOMOGENEOUS TREATMENT-OUTCOME ASSOCIATION [68, 77, 79]). The associ-
ation between the treatment and the outcome is homogeneous in the different level of unmeasured
confounders, i.e, B[Y | T =z, U] -E[Y | T =w,U]| =E[Y | T =z] -E[Y | T = w].

As long as either Assumption 3.4 or 3.5 holds, then CATE is identifiable. The No Effect Modi-
fication (NEM) assumption can be used to identify individual treatment effects (ITEs), but it
may not be plausible in many instances [68, 79].
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Fig. 5. The causal diagram in different cases.

AsSUMPTION 3.6 (No EFFECT MODIFICATION [68, 79, 163]). The unmeasured confounders U would
not modify the causal effect of T on'Y.

Multi-Instruments and Treatments: We systematically review the conditions for identifying
the treatment effect of a uni-dimensional treatment. Additionally, these identification results can
be easily extended to multi-dimensional treatments. When studying multi-dimensional treatments
(T € R9) and multi-dimensional instruments (Z € R%), as long as each treatment has at least
one pre-specified valid instrument, its treatment effect can be identified using the conclusions
presented in this section. Then, the model is just-identified if d» = dr and over-identified if d; >
dr [62, 151].

4 2SLS

In the presence of unmeasured confounders, as shown in Figure 5(a), even though we can control
the confounding effect from observed confounders X, the causality obtained by direct regression
(Ordinary Least Squares, OLS) will be biased by unmeasured confounders U. To address this issue,
the classical statistical method of IVs has been proposed, specifically the 2SLS technique. In this
section, we discuss 2SLS and its machine learning variants. As illustrated in Figure 6, we categorize
them into three groups: (1) Wald and 2SLS and Estimator; (2) NPIV estimator [33, 114]; (3) Machine
learning estimator for further estimation. There are four main research lines from machine learn-
ing estimator, including Kernel-based estimator [112, 146], Deep-based estimator [12, 66, 106, 175],
Moment conditions estimator [18, 46, 145] and confounder balance estimator. Finally, we conclude
by summarizing the limitations of these approaches and discussing future work.

4.1 Wald and 2SLS Estimator

For ease of understanding, let us consider a basic scenario of uni-dimensional treatment and
instrument, and no observed confounding variables. The simplified linear models derived from
Equation (1),i.e., T = aZ + er and Y = BT + ey, omitting covariates X for clarity. The correspond-
ing causal diagram is shown in Figure 5(b). Under linear specifications, we would like to adopt
most commonly used methods, i.e., Wald and 2SLS estimator, to predict the causal parameter f.

4.1.1 Wald Estimator. In the 1940s, Wald introduced the Wald estimator, a method for iden-
tifying the average treatment effect (ATE) when the instrument is binary [161]. The ATE is
calculated by fwaa = W. The Wald estimator fwaq estimate by plugging the

sample average ElY|Z=1],E[Y|Z=0],E[T|Z=1]and E[T | Z = 0] into the above equation.

4.1.2 2SLS. As elaborated in Section 2.3.1, the 2SLS estimator is a widely used method for esti-
mating causal effects in linear models, leveraging IVs to address endogeneity. It proceeds in two
stages: In stage 1, the estimator directly regresses treatment T = t;_, ontheIVSZ = z; _,:
a = argming % PG az;)?, and obtain predicted treatment values T = Z¢ = P;T. In
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stage 2, the outcome variable Y = y; ., is regressed on T = fl,”_,n, minimizing ﬁgSLS =
argming + 3™ (y; — Bi;)?. Then, the ATE is computed as fosts = (TP, T) ' T'P,Y.

The 2SLS approach is limited by its linear assumptions, although alternative structural assump-
tions have been proposed by Angrist et al. [3, 5] to identify the LATE. Nevertheless, deterministic
monotonicity may not always be realistic, and LATE can be limited in certain cases. To address
these issues, motivated by the works [35, 53] on sieve estimation, [113, 114] propose an NPIV
method, with uniform convergence rates [33].

4.2 NPIV Estimator

To relax the linearity assumption (Equation (1)), we consider a more general model:
T=f(Z,X)+€T, ng(T,X)+€Y, (13)

where f and g are the structural function we would like to estimate, both T and Z can be uni-
dimensional or multi-dimensional. To achieve the NPIV estimator of f and g [34, 81], let {¢/;} be
an orthonormal basis for the function space L,[0, 1] that satisfies ||g — Zj]'=1 gi¥ill < CJ for
a smoothness parameter s, coefficient g; and J.* Intuitively, the more orthonormal basis func-
tions J we use, the better g can be approximated. Common basis choices include trigonomet-
ric functions, orthogonal polynomials, and splines [32]. Then we can approximate f(z,x) by
fz.x) = S, S, aiy(2)(x) and approximate g(t,x) by §(z,x) = Z7%, 30, Brida(2)y(x),
where a;; and fi; are unknown coefficients, and the integer J,, is a truncation point of the number
of basis functions that increases at a suitable rate as the number of samples n — co.

Then the 2SLS approach can be extended to the NPIV estimator through a two-stage process for
estimating f and g. In the treatment regression stage, we estimate «;; by minimizing the quadratic
loss between f and f , and possibly with a regularization term. In the outcome regression stage,
we estimate ff;; by minimizing the quadratic loss between g and § using f from the first stage, and
possibly with a regularization term. The regularization term bypasses estimating higher-order co-
efficients and reduces the estimation variance. To ensure consistency, the regularization parameter
decreases with the sample size n, which balances model flexibility and estimation stability.

In the two-stage regression of the NPIV estimator, the challenge is how to define appropriate
basis functions [33]. Thus, recent works [112, 146] introduce machine learning algorithms to obtain
the basis functions and estimate causal effects.

4.3 Machine Learning Estimator

To implement further estimation, as shown in Figure 6, there are four main research lines from ma-
chine learning estimator (Figure 6), including Kernel-based Estimator [33, 112, 146], Deep-based
Estimator [12, 66, 106, 175], Moment-based Estimator [18, 46, 145] and Confounder Balanced Esti-
mator [171].

4.3.1 Kernel-based Estimator. Motivated by Sieve NPIV [33] and predictive state representa-
tion (PSR) models [24, 75], [146] proposes kernel instrumental variable (KernellV) regres-
sionto model relations among Z, X, T, and Y as nonlinear functions in reproducing kernel
Hilbert spaces (RKHSs) [149], and prove the consistency of KernellV.

KernellV. As shown in Figure 7, KernellV defines two measurable positive definite kernels
kq: T xXT — Randkz : ZxZ — R corresponding to scalar-valued RKHSs Hy and Hz, where
the mappings are givenby  : T~ — Ho, t = kq(t,-)and ¢ : T — Hz,z — kz(z,-), respectively,

3The function space Lz[0, 1] is the set of functions square integrable on [0, 1], i.e., L2[0, 1] = {h : /01 h(x)?dx < co}. {;}
is an orthonormal basis iffol Yi(x)yj(x)dx = 1for i = j and 0 otherwise. The norm ||| = [/01 h(x)2dx]/2.
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Fig. 6. Categorization of 2SLS and variants.

serving as the basis functions of 7~ and Z. In this subsection, we default Z as the horizontal
concatenation of IVs Z and confounders X, while 7 as the horizontal concatenation of treatments
T and confounders X. Following this, KernellV reformulates the problem as e € E, where E :
Hz — Hq,and h € H, where H : Hy — Hy. Then, KernellV implements a two-stage regression.

In stage 1, KernellV learns a conditional mean embedding
to model the relations between Z and 7~ by two kernel func- H,
. i . . E:H, > H;
tions ¥ and ¢ and a conditional expectation operator E with

¢(ti) = p(zi) = e(Y(z:)), where Y(z;) € Hz and ¢(t;) € Hr- Hit T,
KernellV constructs an objective for optimizing e € E by ker- ¢
nel ridge regression, i.e., e; = argmin, E||pu(z;) - d(t)% +
Allel|?, where A is a hyper-parameter and |e]|? is a penalty z T y
term for function e. Then, we have #; = y(z;) = [e*{/](z;).

In stage 2, to estimate the structural function ¢(-) in Fig. 7. The KernellV framework.

Equation (13), KernellV predicts the potential outcome
function with the conditional mean embedding ¢(t;), y; = g(t;) = h(@(t;)) = Ely; | #(t:)]. Then,
KernellV constructs an objective for optimizing h € H by kernel ridge regression:

h; = argming, g Ellh($(t:) - yill* + AlAII, or by = argminy, ., Ellh(u(z:)) - yill* + AllRI?,  (14)

where ||h]|? is a penalty term for function h. Indeed, Y= 9(T) = [hp](T) = [hp](Z).

DuallV. Inspired by stochastic programming [43, 141], DuallV [112] shows that two-stage IV-
based regression can be reformulated as a convex-concave saddle-point problem. It develops a
simple kernel-based algorithm and simplifies traditional two-stage methods via a dual formulation.
First, Muandet et al. [112] reformulate the problem as an empirical risk minimization problem:

mingeg R(g9) = Eyz [€ (Y. Erzx[9(T.X)))]. Erizx[9(T.X)] = [ g(T,X)dF(T | Z,X). (15)

where ¢ () denotes the loss function, and dF(T | Z, X) is the conditional treatment distribution.
Applying the interchangeability and Fenchel duality [43, 141] to Equation (15), we can obtain:

R(g) = maxyeq Bzxry[9(T. X)u(Y, Z, X)] - Ezxy [€*(Y,u(Y, Z,X))], (16)
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where U(Q) = {u(-) : Q — R} denotes the function family defined on the support Q = {Y, Z, X}.
{ is a convex and lower semi-continuous loss function and f;‘ = (*(y,-) is a convex conjugate
of £, = {(y,-). To simplify notation, in this section, we denote by W := Y ® Z @& X and T :=
T @ X as concatenation. Then, the saddle-point problem is mingeg max,cq Erw[g(T)u(W)] -
Ew [f*(Y, u(W))]. With £*(y,u) = uy + %uz, DuallV reduce the traditional two-stage methods as

mingeg maxycq ¥(g,u),  ¥(g,u) = Erw{[g(T) - Y]u(W)} — 3Ew [u(W)?]. (17)
Motivated by the RKHSs [149], the objective is rewritten as

V() = Enyg [F(TulW)] - By 2 [Yu(¥, 2)] - 2By [uW)?] = Curf = b.u)q - 5 (. Cwtha

where b := Byz[Yo(Y,2Z)] € U,Cy := Ew[e(W)®p(W)] € URU is a covariance operator, {¢, ¢}
are canonical feature maps [137], and Cywr = Ewr[o(W) ® ¢(T)] € U ® F is a cross-covariance
operator. The generalized least squares solution in RKHS is

f* = arg minfegc% <CWTf - b, C;VI (CWTf - b)>71 = (CTWc;VlCWT)_l CTwC;\,lb. (18)
Equation (18) gives a solution for IV-based regression in closed form.

4.3.2  Deep-based Estimator. Recent machine learning methods, such as KernellV [146] and Du-
allV [112], have extended the 2SLS estimator to non-linear settings using infinite dictionaries of
basis functions from RKHS. However, these methods have limited flexibility as basis functions re-
quire pre-specification or feature engineering [66, 175]. On the other hand, deep learning methods,
while lacking a formal theoretical foundation, make fewer assumptions about the data-generating
process. They automatically learn flexible feature mappings for high-dimensional and non-linear
data, reducing the need for manual selection of basis functions and enhancing the accuracy of
causal effect estimation.

DeeplIV. Under Additive Noise Assumption, DeeplV [66] provides a unique solution for the
inverse problem using deep learning techniques. Specifically, in the treatment regression stage,
DeeplV [66] uses a deep neural network 74(Z, X) with parameters ¢ to model the conditional den-
sity function of treatment F(T | Z, X), i.e., min £; = % Duimy Wi, mg(zi, x;)), where I(t;, 74(z;, X))
would be an I,-loss for continuous outcomes or a log-loss for binary outcomes. To obtain the
conditional probability estimation 74(Z, X) of treatments, DeepIV models a mixture of Gaussian
distributions with component 74 (Z, X) and sub-networks [p¢, x(Z, X)], 04,k (Z, X)] for Gaussian
distribution parameters G(u, ). With enough mixture components, the network 74(Z, X) can ap-
proximate arbitrary smooth densities. Then, in the outcome regression stage, DeepIV models a
counterfactual prediction network hy with parameters 6, to approximate the potential outcome,
ie, min £, = %Z?Zl(y,- - /t hg(t,x,-)dﬁqg(t | zi,x;))?, where 13¢(T | Z,X) is obtained from the
stage 1. Then, we can identify the counterfactual function hg(t, x;) for treatment effect estimation.
However, existing deep-based methods require two stages to separately estimate the conditional
treatment distribution and the potential outcome function, which is not sufficiently effective [106].
To address this issue, Lin et al. [106] propose a OneSIV algorithm to merge the two stages by inte-
grating the outcome regression hy(T, X) with the treatment distribution estimation ﬁ¢ (T| Z,X).

DFIV. Combining the theoretical advantages of kernel-based methods and the empirical advan-
tages of deep learning methods, DFIV [175] uses deep neural networks (DNNs) to adaptively
learn deep features as kernel basis, which fits structural functions with highly nonlinear flexibility.
[175] develops three DNNs { f3, g, uy } to learn the corresponding feature mappings for {Z, X, T},
respectively. DFIV reformulates the IV-based regression as

zZ X T X
uy k(T) = &, Z}?:l af i f5.i(2)ge. (X)) + er, Y = T 2 Brogy k(Dge j(X) + ey, (19)
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where f3 ;(Z) denotes the ith element in the instrument representation fg(Z), g¢ ;j(X) is the jth
element in the covariate representation g#(X), and uy i(T) is the kth element in the treatment
representation uy (T). {d?,dX,d"} denotes the dimensions of the representation f¢(Z2), g¢(X), and
uy(T). A = [a,(fj]i,j,k and B = [f; ;];,; denote the corresponding coefficients in the linear associ-
ations between features { f(Z), g¢(X),uy(T), Y}. Additionally, the boostIV algorithm takes a dif-
ferent approach by replacing sieve functions with additional weak learners [12]. It focuses on
optimizing the conditional expectation E[y | z] = ao + ZAmlle amB ¢ (x;0,) | z], where ¢ (x; 60,,)
are generated by simple algorithms called weak learners and «,, are the corresponding weights.
Two-Stage Shadow Inclusion (2SSI). The 2SSI method [100] is an extension of the 2SLS frame-
work, incorporating innovations to address both unmeasured confounding bias and collider biases.
While it shares similarities with 2SLS, such as the two-step structure of regressing the treatment
on IVs in the first stage and outcome regression in the second stage, 2SSI introduces residuals as
shadow variables to handle collider biases under the Shadow Variable Theorem [108]. This theorem
establishes conditions for identifying causal effects in the presence of missing data with shadow
variables, allowing for generalization from observed (S = 1) to unobserved (S = 0) data. The
key generalization formula is 7o(X, T, V) = OR(X, T,Y) - (X, T, V)/E[OR(X, T, Y)|X, T, V,S = 1],
where 7y and 77 represent the outcomes for unobserved and observed data, respectively, and
OR(X,T,Y) is the odds ratio function modeling the selection mechanism. The odds ratio is de-

fined as OR(X,T,Y) = igig:ﬁ’ ; p:é))(ﬁ;ljl; 1;:)9; ensuring that the residuals satisfy the shadow

variable conditions of being unrelated to selection ( V L S|X, T, Y) while remaining informative
about the outcome (V L Y|X,T,S = 1). This method enables 2SSI to effectively handle collider

bias while ensuring unbiased causal inference.

4.3.3  Moment-based Estimator. The GMM is a prevalent estimation technique in econometrics
that leverages moment conditions to estimate model parameters [16, 64]. By minimizing the dis-
crepancy between empirical moments and their theoretical counterparts implied by the model,
GMM yields robust parameter estimates. 2SLS is a special case of GMM designed to address un-
measured confounding issues through a two-stage regression process [63, 72, 167]. Under valid IV
conditions and the additive noise assumption, the IVs Z are orthogonal to the unmeasured factors,
ie.,Z L U,er, ey, and the moment conditions for Z € R™4” can be formulated as Elz; - €] = 0,

yielding a set of d moments: M = (my,my,--- ,myz)’,m; = ziey,; = z)(y; — g(t;,x;)) for i =
1,2,...,d%. The GMM minimizes the discrepancies between sample and theoretical moments by
solving
« . 2 2 ’ dz 2 az | s 2
g" = argmingeg M5, [IM|* = M'WM = 35_, m; = 25, zi(y; — 9(tj. %) | (20)

where W = T is an identified matrix, meaning the average effect. Although GMM is an incred-
ibly flexible estimator, in practice, there are an infinite number of moment conditions with IV
independence assumptions. Imposing all of them is infeasible with finite data. Therefore, recent
literature proposes a series of minimax approaches to reformulate the minimax optimization prob-
lem [17, 18, 42, 104].

Minimax Approaches. With advancements in machine learning, researchers apply adaptive
non-parametric learners such as reproducing kernel Hilbert spaces, random forests, and neural
networks to reformulate GMM estimation to the minimax optimization problem [18, 46, 182]. Fol-
lowing this, Lewis et al. [46] formulate the expectation minimization problem as the maximum
moment deviation over the set of potential functions, referred to as Adversarial GMM (AGMM):

h* = arginfy cgsupc #El(yi — h(ti, x:)) f (21, x:)]. (21)
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Similar to Wasserstein GANs [9, 101], the formulation proposes a learner network h to set moments
as close to zero as possible, and an adversary network f to identify moments that are violated for
the chosen h. Lewis et al. [46] offer main theorems for several hypothesis spaces of practical interest
including RKHS, functions defined via shape restrictions, random forests, and neural networks.

Given observational data {z;, X;, t;, y; }i=1,....n, to obtain optimal hy and fy,, AGMM [46] mini-
mizes the empirical analogue of the minimax objective:

¢" = arginfygsupy ey BI(Y: — hg(ti, X)) fy (20 x)] = MlIYII® = ELfy (2o x0)*1 + 22l 911 (22)

where {11, 1,} are the hyper-parameters for penalty items ||¢||? and ||y/|2.

DeepGMM. With infinite moment conditions, using identify matrix I as an unweighted vector
norm can lead to significant inefficiencies in the minimization of objective Equation (20) [64, 65].
[64, 65] claim that weighting moment conditions by their inverse covariance would yield minimal
variance estimates, and it is sufficient to consistently estimate this covariance. Based on the opti-
mally weighted GMM [17, 18, 64], DeepGMM [18] construct an optimal combination of moment
conditions via adversarial training, with the objective:

¢* = arginfy g supy o BI(yi — hy(ti, %)) fy (21, xi)] = 1E[(y; — h¢(ti,xi))2fj(zi,xi)]- (23)

Notably, DeepGMM [18] has a few tuning parameters: the models ¥ and H (i.e., the neural network
architectures) and whatever parameters the optimization method uses. Besides, other reformula-
tions of the minimax problem are developed by [42, 104].

MLIVs. To address the issue of limited variation derived from weak IVs, Singh et al. [145]
propose a machine learning algorithm to learn a class of IV functions H(Z;n) parameterized
by n to obtain optimal MLIVs in the GMM architecture: min,[L(y) = tr(V(0;n))],s.t. 0 €
arg ming On(0’; 1), where On refers to the sample GMM criterion, and V is variance-covariance
matrix of model parameters 6. This sets up a bi-level optimization problem and then they iteratively
update 6 and 1 using Gauss Newton Regression with cross-fitting, which preserves asymptotic
theory.

4.3.4 Confounder Balance Estimator. With advancements in machine learning, recent IV mod-
els have been developed to address complex scenarios involving interactions among multiple vari-
ables, but often overlook the joint influence of IVs Z and covariates X on treatment assignment
T. They incorporate observed Z and X to jointly predict the conditional distribution of treatments
P(T | Z,X), aiming to obtain a resampled T unaffected by unmeasured confounders U. However,
as depicted in Figure 5(c), while these methods block the connection between the predicted treat-
ment T and unmeasured confounders U, the observed confounders X persist in the outcome stage,
introducing additional confounding bias in potential outcome regression.

Confounder Balanced IV (CBIV). To jointly address the confounding bias from observed and
unmeasured confounders, under Homogeneity Assumptions, Wu et al. [171] propose a CBIV Regres-
sion algorithm and model a more general causal relationship by relaxing the additive assumption to
multiplicative assumption on response-outcome function as Y = ¢;(T, X) + ¢2(T)g3(U) + g4(X, U),
where g;(-) are unknown and potentially non-linear continuous functions. The completeness of
P(T | Z,X) and P(Y | T, X) guarantees uniqueness of the solution [114].

Like previous works, the CBIV algorithm takes the same treatment regression in stage 1 with
loss L1 = % i1 L (t — fg)z, resampling m treatments ii/j = 1,...,m ~ P(t;|z;, x;) to ap-
proximate the true treatment ¢;, but differs in stage 2 by learning a balanced representation
C = fp(X) through mutual information (MI) minimization: first, CBIV uses variational dis-
tribution Q‘/,(YA’ | C) = N(uy(C), oy (C)) parameterized by {1, oy } to approximate the true condi-

tional distribution P(T | C); then, they minimize the log-likelihood loss function Qy (T | C) with
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n samples to estimate MI, ie., disc(T,C) = DN Tillog Qy(E | ¢i) —log Qy (i) | ¢;)], where
C = fp(X). With the learned balanced representation, CBIV regresses the outcome on the estimated
treatment T and the representation C. The objective function is Ly = % 2y - hsr(fi, Ffo(xi)))2.
Theoretically and empirically, CBIV tackles and solves the inverse issues of the response-outcome
function. By simultaneously removing biases from the observed and unmeasured confounders, the
method improves the accuracy of treatment effect estimations [171].

CBRL.CIV. In linear settings, Cheng et al. [39, 40] propose a CIV.VAE method to learn CIVs
and their conditioning sets based on variational autoencoder (VAE), and estimate the causal
parameter by B = 0guysc/Ozutec, Where 0zuysc and oz.p4c are the estimated causal effect of Z on
Y conditioning on C and the causal effect of Z on T conditioning on C, respectively. Inspired by
CBIV [171], Cheng et al. [41] further develop the CBRL.CIV algorithm, a three-stage approach
for causal effect estimation in non-linear settings. In the CIV regression stage, CBRL.CIV pre-
dicts P(Z|X) using a network ¢,(X) with the loss function Ly = % imilzilog ¢, (x;) + (1 -
z;)log(1—¢,(x;))], and learns a representation C = /»(X) by minimizing the discrepancy D(Z,C) =
IPM(Yp(X)|Z = 0,19(X)|Z = 1). In the treatment regression stage, it estimates P(T|Z, X) using a
network ¢v(Z, X) with the loss Lt = % 2 [ti log ¢y (zi, xi)+(1—1;) log(1—¢y (2i, x;))] and balances
the learned representation W by minimizing D(T, C) = IPM(¢(X)|T = 0, 9(X)|T = 1). Finally, in
the outcome regression stage, the method predicts the potential outcomes {Y(T = 0),Y(T = 1)}
via two separate networks, minimizing the loss Ly = % Yi=1"Yi— Yo Sy, o(X))P(t|zi x:)).
The final objective integrates the confounding balance terms as regularization: ming,y, ,, Ly +
aD(T,C) + BD(Z,C), where @ and f control the tradeoff. The average causal effect (ACE) is
computed as ﬁ = E[fy, Wo(X)) = f1,(¥9(X))]. This method ensures confounding balance and ro-
bust causal effect estimation with conditional IVs (CIVs).

4.4 Limitation and Future Work

4.4.1  Limitation. The effectiveness of IV methods relies on the validity and strength of the pre-
defined IVs. However, identifying valid and strong IVs is a challenging task due to the untestable
exclusion condition [171, 179]. In this section, we discuss the limitations of IVs and their implica-
tions for causal inference.

Validity of IVs. The validity of IVs is crucial for obtaining reliable causal estimates. However,
ensuring the validity of IVs is often difficult, as it requires expert knowledge and is not guaranteed
even with careful selection. To address this issue, researchers in the IV literature often implement
Randomized Controlled Trials (RCTs) to obtain exogenous IVs, such as the Oregon health
insurance experiment [49] and the effects of military service on lifetime earnings [4]. However,
RCTs can be expensive and are not universally available.

Weak IVs and Model Mis-specification. IVs may have little causal effect on the treatment
variables, which we call weak IV. Weak IVs can lead to biased and imprecise causal estimates, as the
IV method relies on the strength of the relationship between the IV and the treatment variable. This
limitation poses a significant challenge for researchers in obtaining reliable and accurate causal
estimates. Machine learning algorithms tend to combine observed confounders and IVs to predict
the conditional distribution of the treatments to eliminate unmeasured confounding bias. However,
these methods would make the predicted treatments T correlate with the observed variables X,
and imbalanced variables X will bring additional confounding bias for outcome regression if the
outcome model is misspecified [171].

4.4.2  Future Work. The IV has been a significant tool for causal inference, and several promis-
ing directions for future work have emerged. In this section, we outline four key areas for future
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work: causal discovery and ancestral instrumental variables (AIVs), the GMM, and confounder
balance.

Causal Discovery and AIVs. While sufficient conditions for discovering valid IVs are elusive,
causal discovery methods can identify potential sets of IVs by leveraging structural assumptions
and testable constraints. For example, Silva and Shimizu [144] discuss how causal discovery meth-
ods can identify potential IVs under structural and non-Gaussian assumptions. Cheng et al. [37, 38]
use the RFCI (Really Fast Causal Inference) algorithm to learn partial ancestral graphs (PAGs)
from observational data. Using these recovered PAGs, they propose algorithms like AIV.GT to
identify AIVs, which are a special class of CIVs, along with their corresponding conditioning sets
directly from data. These advancements demonstrate how causal discovery can identify potential
sets of IVs, expanding the toolkit for causal inference in practical application.

GMM. The GMM is a highly flexible IV estimator that relies on a large number of moment condi-
tions and IV independence conditions. Recent advancements in machine learning algorithms have
led to the development of nonlinear independence detection algorithms, which have demonstrated
superior performance compared to first-order moment independence methods. One potential av-
enue for future research is to incorporate independent testing algorithms, such as HSIC-X [132],
into the GMM framework as a means of constraining the IV regression. This approach may yield
more accurate and reliable causal estimates in the presence of nonlinear relationships.

Confounder Balance. Conventional methods for complex non-linear IV regression would suf-
fer from the bias from the observed confounders, which are imbalanced in stage 2. To address this
problem, researchers have proposed CBIV regression algorithms, such as CBIV [171]. By combin-
ing confounder balancing techniques with IV regression, these methods aim to remove bias from
both observed and unobserved variables. Theoretical analyses and numerical experiments pro-
vided by [171] demonstrate the effectiveness of this approach, suggesting that confounder balance
should be a key consideration in future IV research.

5 CFN

The CFN method, also known as two-stage residual inclusion, is another statistical approach to
address unmeasured confounding bias [168]. This technique can be traced back to early works
by Telser [156] and Goldberger [55]. A CFEN is a variable that renders known cause variables (i.e.,
treatments) appropriately exogenous in the outcome regression [14, 31, 55]. In observational data,
conditional on the CFN or confounders,? the CFN estimator makes the treatment appropriately ex-
ogenous in the regression equation. While both 2SLS and CEN share similar asymptotic properties
for treatment effect estimation, CFN can be more efficient in complex relationships by leveraging
additional information about unmeasured confounders. Figure 8 demonstrates how CFN is applied
in causal inference and machine learning, encompassing both linear and non-linear scenarios.

5.1 Linear-based CFN

Consider a basic scenario with a uni-dimensional treatment, uni-dimensional instrument, and no
covariates X for simplicity. Following the linearity assumption (Equation (1)), the CFN estimator
maintains the spirit of the earlier definitions and estimations [168]: T = aZ + er, Y = T + ey. To
predict the causal parameter 3, we first apply the CFN estimator under these linear specifications.

5.1.1 CFN Estimator. As elaborated in Section 2.3.2, the CFN estimator serves as a general solu-
tion for estimating causal effects in linear models [71], employing a two-stage regression. In stage 1,
the estimator directly regresses treatment T =t , fromIVZ =2y ,: & = argmin, % 2 (ti—

“The role of the CFN in IV regression is to complement unmeasured or missing data.
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Fig. 8. Categorization of CFN estimators.

az;)?, and the residuals is t. = T — Z&. In stage 2, the estlmator regresses the outcome Y =y, .

on the predicted residuals f., i.e., ﬁcpN, 96 = argming g, -~ i (y; — Bt — 0.7;)?, where (A, B)
means the concatenation of vectors/matrices A and B. The causal effect is then estimated as

(Perns ) = (T, 1)/ (T, £)) (T, £e)'Y,

5.1.2  Binary Treatment Effects. The binary treatment T = {0, 1} is a special case for CFN. We
can utilize the binary nature of treatment T and replace the linear regression with a logistic re-
gression model. The structural equation would be T = 1{aZ + er > 0}, Y = BT + ey, where
1{-} is the indicator function. Then, the treatment assignment can be regarded as a probit model:
P(T =1]|2Z) = ®(aZ), where ®(-) is the normal cumulative distribution function. Then we can de-
rive the CFN [120, 167]. In stage 1, we build the probit model and estimate the generalized residual
by fe = TA(aZ) — (1 — T)A(—aZ), where A() = %(-) is the well-known inverse Mills ratio [57]. In
stage 2, we control the generalized residual t. to estimate the conditional average causal effect of
treatments T on outcomes Y, i.e., CATE(t,re) = E[Y(T =t) - Y(T = 0) | r].

One limitation for CFN in binary/discrete treatment cases is that the results are reliable only
when the designed probit model for T is correct. If the probit model is correctly specified, then the
CFN estimator would give an unbiased causal effect.

5.2 NonlLinear-based CFN

In the previous section, we have introduced CEN estimators employed for linear models. Recently,
some works have broadened the scope of the CFN applications to a more general scenario [125,
147, 168]. Here, we detail the flexibility of the CFN estimator in a more general model, where
both T and Z can be uni-dimensional or multi-dimensional. For example, in the multiplicative
cases:

T=aZ+0rX+er, Y=pTX+0yX +ey, (24)

where, TX denotes the multiplicative interactions of T and X, and the unmeasured confounders U
influence T and Y through the noise terms er and ey. According to the IV’s conditions, we have
that Z L {X, er, ey}, then we can obtain the residual in stage 1 t. = T - aZ + éTX, where {a, éT}
is the corresponding estimated coefficients. Sequentially, we can perform the outcome regression
on {7¢, X} and interaction TX: CATE(t, x,re) = E[Y(T =t)-Y(T =0) | re, X =x,T = t,TX = tx].
A similar estimator can be built for a discrete treatment case, in the discrete model [120, 157].

5.2.1  Non-Parametric BP Estimator. The CFN is an adaptable approach for addressing confound-
ing bias in both linear and non-linear scenarios. In general models, the causal structural function
may exhibit complex non-linear relationships. Blundell and Powell [19] proposes a non-parametric
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extension of the Rivers-Vuong approach [125], which is applicable in a general setting:
T = f(Z,X)+er, Y = g(X,T,U), (25)

where f(-) and g(-) are the structural functions.

BP model. Blundell and Powell [19] propose a BP model to estimate the Average Structural
Function (ASF) of the outcome, defined as ASF(X, T) = E[¢g(X, T, U) | X, T]. This implies that the
unmeasured confounders U are averaged out in the population, conditional on the fixed X and T,
ie,Eylg(X,T,U)] = E[g(X,T,U) | X,T]. In stage 1 of IV regression, the BP model [19] computes
the residual 7€ using fe = T — f(Z, X), where f(Z, X) is identified as f(Z, X) = E[T | Z, X]. Thus,
fe=T—-E[T | Z,X]|=T- f (Z,X). Machine learning methods, such as kernel-based regression
and neural networks, can be used to estimate the expectation E[T | Z, X] effectively. In stage 2,
the conditional distribution of the unmeasured confounders U is related to Z, X, T only through
the residual 7e [166, 168],i.e., P(U | Z,X,T) = P(U | Z,X,Fe) = P(U | F¢). Then, we have

AASF(Xs T) = E[gA/(X’ T, ’:e) | X’ T] = Efg [gl(xs T, fe)]’gA’(X9 T» fe) = E[Y | X, T’ fe]s (26)

where we can use machine learning methods to estimate the expectation §'(X, T, 7¢), such as
kernel-based regression and neural networks regression.

5.2.2 General CFN Estimator. Although CFN estimators have been widely used for addressing
unmeasured confounders, residual regression in CFN usually breaks down under complex non-
linear models, because it assumes residuals are a perfect proxy of unmeasured confounders, which
may not hold in real applications. Based on VAE [91], some studies propose using proxy variables
to reconstruct unmeasured confounders [107, 174, 183]. Building on this, [123] developed the Gen-
eral Control Function (GCFN) Method to construct CFNs satisfying ignorability and positivity
assumptions. Assuming the data is generated by

T=f(Z,X,f), Y=gXT,U). (27)

The causal effect is identified by the joint distribution q(Z, X, f¢, T) over the CEN 7. and the ob-
servables {Z, X, T}: By [Y | T, 7e] = B [Y | do(T), 7] = E[Y | do(T)].

GCEN. Following [59, 80, 107], GCFN’s first stage, called variational decoupling (VDE), con-
structs GCFNs by using VAE and recovering the residual variation in the treatment given IVs [123].
This yields evidence lower bound (ELBO) of VAE to reconstruct the latent variables:

L(O,9.8 | Z,X,T) = (1 + VEqy (i |z.x.1)108p¢(T | Z,X,7e) = ADk1(qo(Fe | Z, X, Dlipe(Fe)), (28)

where A is the hyper-parameter that is used to balance the reconstruction term and the KL
term in the beta-VAE. ps(7.) and pg(T | Z,X,7.) are real (posterior) probability distributions,
qo(Fe | Z,X,T) is the estimated probability distributions by neural networks with parameter 6.
Dk (+) denotes the Kullback-Leibler (KL) divergence. By maximizing the above objective func-
tion, VDE stage provides a GCFN 7. from the observables {Z, X, T}. Using learned 7, in stage
2, GCFN estimates causal effects via existing confounder adjusting/control methods like match-
ing/balancing methods [10, 95, 103], doubly robust methods [13] and representation learning meth-
ods [70, 87, 140, 173]. Furthermore, Puli et al. [123] develop semi-supervised GCFN to construct
GCFNs using subsets of data that have both IV and confounders.

5.2.3 Conditional VAE Estimator. Due to untestable exclusion and exogeneity conditions, find-
ing a valid IV is always a tricky problem. To relax the restriction, Wang et al. [162] focus on esti-
mating treatment effects with more accessible conditional instruments that violate the exogeneity
assumption, i.e., {Z1,Z,,- -+ ,Zy} L U.Inspired by deep conditional VAE, CVAE-IV [162] model a
substitute 7 based on the statistical principle Y L {Z;}2, | T, X, 7', which states that the outcome
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and IV candidates are conditionally independent given the treatment, observed covariates and the
generated residual 7.

CVAE-IV [162] construct a conditional VAE to generate the confounder substitute 7 using mul-
tiple CIVs Z = {Z;}" . They apply the variational inference to model the conditional distribution
P(Y,Z | T,X). In stage 1 of IV regression, CVAE-IV [162] uses networks fy and f to regress z;
and y; as well as minimize the ELBO of CVAE as objective to reconstruct the latent variables 7,:

L =31y — fy(ti,xi, Pe,))?1/Var(Y) + X (zi — fz(ti, xi, Fe,i))*] + ALk1, (29)

where A controls the variance of the reconstructed output. In stage 2, CVAE-IV [162] fits the ob-
servational outcome using two regression functions gy, and gy, , which are parametrized by deep
networks with ; and ¥,: Lreg = 2.7 [(yi — gy, (i, x:) — gl/,z(fe,i))z]. Then, they predict the counter-
factual outcome Y(t) and CATE with the regression model {1, {2 }:

Y(th’fe) =9¢1(t,x)+gxﬁz(fe), CATE(t’x’rE) = Y(th,fe)_y(oax’fe)' (30)

By constructing the CVAE-IV model to generate an ignorable confounder substitute, one iso-
lates the influence of the unmeasured confounder from the estimation of conditional treatment
effect.

5.3 Limitation and Future Work

5.3.1 Limitation. In this section, we discuss the limitations of the CFN method, focusing on the
inverse problem of residuals, and the challenges of invalid or weak IVs.

Inverse Relationship. A key assumption in the CFN method is the structural assumption,
which implicitly requires a one-to-one mapping (or inverse relationship) between the residuals
7e from treatment regression and the unmeasured confounders U. Otherwise, even if we recover
the residuals perfectly, we cannot control the unmeasured confounders. For instance, if 7. = sin(U),
controlling for 7. = 1 still leaves U still has infinitely many possibilities, making it impossible to
discuss and analyze the impact of these confounders.

Invalid IV and Weak IV. The effectiveness of the CFN method heavily relies on the well-
defined IVs that satisfy three instrumental conditions: (1) the IV does not have a direct effect on
the outcome variable, (2) the IV only affects the outcome indirectly through the treatment variable,
and (3) the IV is not correlated with any unmeasured confounders. These conditions are untestable,
which makes finding a valid IV more of an art than a science. Consequently, the problem of using
invalid or weak IVs to implement the CFN method remains an open challenge.

5.3.2  Future Work. The CFN method has demonstrated its potential in addressing causal infer-
ence challenges, and several promising directions for future work have emerged. In this section,
we outline two key areas for future exploration: VAEs for unmeasured confounders recovery and
conditional IVs.

VAE. Based on the concept of VAE [91], some works study the proxy variable for unmeasured
confounders and attempt to use these proxies to reconstruct the unmeasured confounders [107, 174,
183]. Motivated by this, [123] developed the GCFN method to learn the distribution of unmeasured
confounders and estimate the effects.

CIV. Recently, researchers [162] have proposed using CIVs, which have a direct effect on the
outcome variable but indirectly through the treatment and confounders, as a substitute for valid
IVs to recover unmeasured confounders. By considering the conditional independence between
CIVs and the outcomes, the CVAE-IV method [162] generates a substitute for the unmeasured
confounder using a conditional VAE. As a result, the exploration of CIVs represents a promising
research direction for the future.
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Fig. 9. Categorization of learning instrumental variables (IVs) methods.

6 Learning IVs

In Sections 4 and 5, we introduce the implementation of two-stage regression with IVs for treat-
ment effect estimation. However, a major limitation of these methods is the requirement of a strong
and valid IV [115] for treatment regression, which is often difficult to find in real-world scenarios.
In this section, we provide a comprehensive overview of three research lines for finding classical
IVs, generalized IVs, and Ancestral IVs. We also discuss the over-identification test for evaluat-
ing the exclusion condition of IVs. Moreover, we investigate several machine learning algorithms
for learning strong IVs, known as Summary IVs. This provides a solid foundation for understand-
ing the challenges and potential solutions in causal inference and machine learning. The overall
structure of this section is depicted in Figure 9.

6.1 1V Selection

For IV-based methods to be reliable, the selected IVs must affect outcomes exclusively through their
association with treatments. However, identifying suitable IVs remains a persistent challenge [21].
To this end, researchers have developed various methods to identify or test IVs.

6.1.1 Classical 1V. There are three approaches for finding classical IVs: Lagged Values, Prior
Knowledge of Causal Graphs, and RCTs.

Lagged Values. In panel data, a common strategy for finding IVs is using lagged values as IVs
for current treatments [7]. For instance, [6] estimated the causal effect of compulsory schooling on
earnings using the quarter of birth as an IV for education. Similarly, [11] employed characteristics
of the respondent’s childhood, husband’s childhood, and parents and husband’s parent as IVs to
predict the respondent’s probability of sending their children to school in the future. The predicted
value from this model was then used as an independent variable in predicting contraceptive use.

Model Implied Instrumental Variables (MIIVs). Another strategy for deriving IVs from ob-
served variables is MIIVs [20, 22, 23]. MIIVs utilize prior knowledge of a causal graph to construct
the model structure, which indicates which observed variables can serve as IVs. Related to the
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MIIV method is the directed acyclic graph (DAG) [25, 119], which provides rules for selecting
variables that can serve as IVs: a variable’s correlation with the residual term of the outcome pre-
diction equation should be zero [22].

Randomization IVs. In the IV literature, researchers often implement RCTs to sample a ran-
dom variable as an IV for intervening in the received treatments, known as the intention-to-treat
variable, such as Oregon health insurance experiment [49] and the effects of military service on
lifetime earnings [4]. However, RCTs can be expensive and not universally available. Sometimes,
randomization is introduced by “nature” [127], resulting in natural experiments such as twin births,
gender, and weather events.

6.1.2  Generalized IV. Zander et al. [180] introduce generalized IVs to extend the traditional IV
framework for identifying causal effects in linear structural equation models. Generalized IVs allow
for the simultaneous identification of multiple causal parameters. A set of variables {Z1, ..., Zy}
qualifies as a generalized IV relative to a set of causal variables {T3,. .., Tx} and an outcome Y if
certain graphical conditions are met: (i) each Z; has an unblocked directed path to its corresponding
T; that includes the edge T; — Y, (ii) Z; is d-separated from Y by a set of variables C;, and (iii)
the paths 7y, ..., between Zy,...,Z and Ty, ..., T} are mutually incompatible. Zander et al.
propose efficient algorithms for identifying Generalized IVs in restricted cases, with a polynomial
runtime for small sets.

Generalized IV Discovery. For classical IVs, they provide an O(nm) algorithm that checks the
basic graphical criteria, ensuring d-separation and path compatibility. For CIVs, their approach in-
volves computing “nearest separators” C; that block undesired paths while preserving the required
connections between Z; and T;. This method leverages flow graph transformations and max-flow
algorithms with vertex capacities to find incompatible paths efficiently, achieving a runtime of
O(nd + 3) for small sets of size k = d. For the more complex case of Generalized IVs, where multi-
ple parameters need to be identified simultaneously, they demonstrate that testing is NP-complete
but provides a polynomial-time algorithm when the size k of the set is bounded. This involves
enumerating all permutations of Z and T, constructing nearest separators, and solving a general-
ized vertex-disjoint paths problem (GVDPP) using a pebbling game algorithm, with a runtime
of O(k(k!)?n***1). Thus, their framework systematically addresses IVs, CIVs, and Generalized IVs,
offering scalable solutions for restricted cases and expanding the applicability of IV methods in
causal inference.

6.1.3 AlV. While traditional IVs are widely used for causal inference, their applicability is con-
strained by strict exogeneity assumptions. CIVs extend the flexibility of IVs by allowing exogeneity
to hold conditionally on a set of covariates C; however, identifying CIVs is computationally expen-
sive, requiring exponential time and rendering the problem NP-hard. To address this limitation,
Van der Zander et al. [159] proposed the concept of AlVs, a specialized type of CIVs.

Definition 6.1 (AIV [159]). Variable Z is an AIV if there exists a conditional set C ¢ X such that

(1) Z correlates with T conditional on C.
(2) C d-separates Z and Y.
(3) C consists of ancestors of Z or Y or both, and are non-descendants of Y.

AIV. This definition ensures AIVs maintain the causal identification properties of CIVs while being
computationally easier to find. Van der Zander et al. [159] demonstrate that identifying AIVs can
be done in polynomial time and propose the nearest separator approach to achieve this efficiently.
Nearest separator C is a minimal set of covariates that d-separates Z and Y while ensuring that C
only includes ancestors of Y or Z and excludes descendants of Y. This is achieved using a greedy
selection process based on moralization, where undirected edges are added to represent collider
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relationships and simplify the identification of separating sets. After constructing C, the algorithm
verifies whether Z remains conditionally correlated with T given C. If these conditions are satisfied,
Z is identified as an AIV. This method operates in O(n?m), where n is the number of nodes and m
is the number of edges, offering a computationally tractable solution for AIV identification.

AIV.GT. Under the definition of AIVs, Cheng et al. [38] first propose AIViP, a data-driven algo-
rithm leveraging PAGs to identify conditioning sets for instrumentalizing AIVs without requiring
a complete causal DAG. The algorithm uses the D-SEP(Z, Y) criterion to extract potential ancestors
of the AIV and the outcome, ensuring Z and T are m-connected and Z and Y are m-separated. How-
ever, in practical applications, pre-specifying an AIV is often challenging. To address this, Cheng
et al. [37] further propose AIV.GT, which directly identifies AIVs (Z) and their corresponding con-
ditioning sets (C) from observational data using a generalized tetrad condition and consistency
scoring mechanism. Specifically, AIV.GT first extracts candidate AIVs from the adjacency set of
the treatment (T) and outcome (Y) variables in the learned PAG, denoted as Z € Adj(TU Y)\ T, Y.
For each candidate Z;, the conditioning set C; is determined as PossAn(Z; UY)\ {Z;, T, Y}, where
PossAn represents the set of possible ancestors. Second, AIV.GT evaluates pairs of candidate AIVs
(Zi, Z;) using the generalized tetrad condition:

Ozpsyrc; Ozjxtrc; — Ozpxtwc; Ozjxysc; = 0, (31)

where o denotes partial covariance. Then, the authors propose a consistency score to assess which
paired variables are the most likely AIVs based on the generalized tetrad condition. Define €;; =
|02, syxe; Oz pxtnc; — Ozpstnc; Ozpmysc;| @s the tetrad consistency, and J;; = |/31 /?JI as the difference
between the causal effect estimates f3; and ﬁ ; obtained using Z; and Z; as instruments, respectively.
The consistency score is defined as A;; = |e;; — J;j|. The pair of AIVs (Zi, Z;) with the smallest
Aij, along with their conditioning sets (C;, C;), is then used for unbiased causal effect estimation
through 2SLS regression.

6.2 1V Evaluation

Regardless of the method used to select IVs, it is crucial to evaluate the IV’s quality. A valid IV
should only affect the outcome through its strong association with treatment options, known as
the exclusion assumption. If the structural assumptions for IVs are not satisfied and the correlation
is weak, the instrument may provide misleading inferences about parameter estimates [62, 115].
Over-Identification Test. When there are more IVs than the number of treatments, which is
known as over-identification, one can test the exclusion of IVs. The over-identification tests con-
struct a null hypothesis that all IVs are exogenous variables, while the alternative hypothesis states
that at least one IV violates exclusion (correlates with the residuals from the two-stage IV regres-
sion). In a linear setting, [134] provided a well-known over-identification test for IVs: In linear
eZ2(Z'7Z) 7 e ~ X
B €'e/n
the residuals from the two-stage IV regression, and Z represents another IV (Over Identification)
not involved in the causal effects estimation. Asymptotically, the test statistic p asymptotically
follows a chi-square distribution, with degrees of freedom equal to the number of IVs beyond
just-identification requirements [167]. Additionally, [15] introduced a similar over-identification
test using the F-distribution. [92] proposed several variants for homoscedastic disturbances. In
heteroscedastic-consistent cases, [64, 72] develops a statistic test for GMM.

setting, [134] gave a known over-identification tests for I[Vs: p = 2, where € are

6.3 1V Synthesis

In practice, it is challenging to find strong and valid IVs. Fortunately, with the advent of machine
learning, researchers have found some data-driven algorithms to automatically synthesize strong
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IV from additional data information under some assumptions. Practitioners can combine IV can-
didates, which may not necessarily be strong or valid, into a single summary variable that is used
in place of an IV for causal effect estimation [96].

6.3.1  Allele Scores. In MR [30], a growing number of works have been proposed to synthesize
a summary IV by combining widely available IV candidates. [27] demonstrates that summary IVs
can be reproduced using summarized data on genetic associations with the treatment and the
outcome. The representative approaches for combining IV candidates into a summary variable
are the unweighted/weighted allele scores (UAS/WAS) [28, 29, 44]. UAS/WAS synthesize a
summary variable of genetic contribution towards elevating the risk factor, which can serve as
reliable IVs for inferring causal effects among clinical variables, provided that all genetic variants
associated with a risk factor are independent and valid IVs [28, 139].

UAS and WAS. In MR, we can use genetic variants as IV candidates for IV synthesis. We assume
K genetic variants G = {Gi, Gy, . .., Gk} are actually independent weak IVs, and use them as IV
candidates. Then we can obtain UAS: UAS;y = Il( 25'(:1 Gj, where K denotes the number of IV
candidates, and G; denotes the jth IV candidate. Factually, UAS takes the average of IV candidates.
In addition to an unweighted standard allele score where each risk-increasing allele contributed
the same value to the allele score, WAS weights each candidate based on the associations with
the treatment: WASy = % Zf—il W;G;, where W; denotes the weights that are the same as the
coefficients from the treatment regression stage.

Ivy. Allele scores rely on strong assumptions and require all IV candidates being weak IVs for
estimation. To relax it, Ivy [96] only requires more than half of IV candidates should be valid.
They then introduce a generalized allele score to combine valid and invalid IV candidates in a
robust manner, using the following steps: (1) Identify valid IV candidates and their dependencies;
(2) Estimate parameters of the candidate model; and (3) Synthesize IV and estimate causal effect.

sisVIVE. Another innovative approach for addressing the challenge of potentially invalid IVs
in MR is sisVIVE (Some Invalid Some Valid Instrumental Variables Estimator) [90]. Kang et al. [90]
introduced this method to estimate the causal effects of Body Mass Index (BMI) on Health-
Related Quality of Life (HRQL), employing Single Nucleotide Polymorphisms (SNPs) as
IVs, even in the presence of invalid instruments. The intuition is based on the additive linear
potential outcomes framework: Y = ZTa* + TS* + €, where Z represents instruments, T is the
treatment, Y is the outcome, and a@* and f* are the parameters of interest. «* captures both
direct effects of instruments on outcomes and violations of the IV assumptions, while f* is
the causal effect of interest. The sisVIVE estimator solves the penalized optimization problem:
(a*, %) = argming, g 3||Pz(Y — Za — TP)||Z + Alll;, where Py is the projection matrix onto the
space spanned by Z, and ||«||; is the £;-norm encouraging sparsity in ¢*. This formulation assumes
fewer than 50% of instruments are invalid and is computationally efficient due to its connection
with Lasso. Cross-validation or theoretical guidance is used to tune A. The method ensures robust
estimation by allowing identification even without knowing the exact validity of individual instru-
ments, and it provides theoretical guarantees under certain sparsity and regularization conditions.

6.3.2  Generation Methods. Most Allele Scores follow the assumption that IV candidates are
actually all independent weak IVs, which is actually difficult to meet. In this subsection, we review
some weaker assumptions for IV Synthesis.

ModelV. [67] no longer requires more than half the number of valid IVs in the candidate set,
but proposes that each estimate in the tightest cluster of estimation points from each IV candidate
is approximately causal effects and these IV candidates are valid. ModelV [67] will iterate over all
the elements in the set of IV candidates G = {G;, G2, -, Gk} and plug G; into the IV regression
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method to estimate the causal effects 7¢,. Then, the outcomes {zg, }jK: , from the valid IVs must all
converge to the same value, and IV candidates in the tightest cluster of estimation points just are
valid IVs.

AutolV. Furthermore, AutolV [179] generate IV representations based on independence con-
ditions and MI, with the assumption that all variables in the IV candidates G are independent
of the unmeasured confounders U, i.e., G L U. Given the observational data D = {X,G,T,Y},
AutolV [179] learn a disentangled representation Z = ¢(G) based on independence conditions,
d; = argming MSE(f(#(G), X),T)?,  s.t. ¢(G) L X,$(G) L Y | T, X, where f(-) denotes a regres-
sion network of #(G), X to predict treatment variables. According to the independence conditions,
AutolV [179] obtain valid IVs that do not have a direct effect on the outcome variable, only indi-
rectly through the treatment variable. To learn relevance and exclusion, AutoIV [179] constructs

L)L(]}D and Lé‘g{,w to denote the MI and conditional MI. Then, AutoIV [179] (1) maximize ..C](‘;’ITI
MI

to optimize the IV representations ¢(G) for relevance condition; (2) minimize LGYlT
the IV representations ¢(G) for exclusion condition; and (3) minimize Lé‘ff( to optimize the IV
representations ¢(G) for exogeneity condition.

to optimize

6.3.3 Without Any Candidates. Although existing IV generation methods have moved away
from manually selecting pre-defined IVs, they still rely on high-quality candidate sets with at least
half valid IVs or exogeneity assumptions, which is sometimes impractical due to cost constraints
and limited expert knowledge. Therefore, it is highly demanded to automatically obtain valid IVs
directly from observed variables {X, T, Y}. In 2021, clustering-based methods, such as CluIV [148]
and Group IV (GIV) [172], emerged to address these issues. GIV [172], in particular, introduces
a novel algorithm (Meta-EM) that models latent IVs and implements a data-driven approach to
automatically reconstruct valid GIVs from observed variables, beyond hand-made IV candidates.

GIV. With the advent of the big data era, various observation databases sourced from different
sources have emerged, which may contain the same treatment effect mechanism but different treat-
ment assignment mechanisms. Here, the omitted source label can serve as a latent multi-valued
IV, which only affects the outcome through its strong association with offer decisions. Therefore,
Wau et al. [172] propose a non-linear Meta-EM to (1) map the raw data into a representation space
to construct Linear Mixed Models for the assigned treatment variable; (2) estimate the distribution
differences and model the GIV for the different treatment assignment mechanisms; and (3) adopt
an alternating training strategy to iteratively optimize the representations and the joint distribu-
tion to model GIV for IV regression. Empirical results demonstrate the superiority of the Meta-EM
approach over existing methods.

7 Available Datasets and Codes/Packages
7.1 Datasets

In real-world applications, finding a strictly valid IV from observational data is challenging due
to untestable exclusion and exogeneity conditions. Pre-defined IVs and IV candidates, selected
through human effort, may be invalid if they do not strictly satisfy valid IV conditions, espe-
cially when prior knowledge is insufficient. Furthermore, ground truth dose-response functions
(ATE, ATT, CATE, or ITE) are unavailable in observational datasets due to the absence of counter-
factual outcomes. Consequently, IV-based works often employ (semi-)synthetic datasets, such as
Demand [66] and Toy Datasets [18, 46], or combine prior specific knowledge with observational
control datasets.

Low-dimensional Toy [18, 46]. In low-dimensional cases, [18] generated data via the follow-
ing process: Y = g(T)+U+6,T = Z+U+y, where Z ~ Uniform(-3, 3),U ~ N(0,1),8,y ~ N(0,0.1).
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Similarity, [46] consider the following data-generating processes: Y = g(T)+ U + 6, T = yZ + (1 —
YU +y, where Z ~ N(0,2),U ~ N(0,2),8,y ~ N(0,0.1). Keeping the data generating process
fixed, [18, 46] design various true response function ¢g(T) = sin(x)/|x|/x.

MNIST (http://yann.lecun.com/exdb/mnist/) [18]. Similar to [66], in high-dimensional
cases, [18] use same data generating process introduced in Low-dimensional Toy, based on the
MNIST dataset [98], but replace T and Z with MNIST images: T := Randomlmage(z(T)),Z :=
RandomImage(7(Z)), where 7(t) = round(min(max(1.5¢ + 5,0),9)) is a transformation function
that maps input ¢ to an integer range from 0 to 9, and the RandomImage(d) is a function that
samples a image from the digit label d. The images are 28 x 28 = 784-dimensional digit matrices.

Demand (https://github.com/jhartford/DeepIV) [66]. The demand simulation design is
from [66], which describes an airline scenario. In this simulation, the airline wants to estimate
the effect of prices T (i.e., treatment) on passenger ticket sales Y (i.e., outcome). The study incorpo-
rates fuel price (Z) as the IV, customer types (X}), time of year (X3) as an observable confounder,
and conferences (U) as an unmeasured confounder.

Infant Health and Development Program (IHDP) (http://www.fredjo.com) [87, 140].
The THDP, from an RCT, assesses whether the future cognition of premature infants is affected
by specialist home visits. The dataset comprises 747 units (139 treated, 608 control) with 25 pre-
treatment variables related to the children and their mothers. The treatment is the specialist home
visits and the outcome is the cognitive test scores in the future. To develop instrument variables,
[172] generate 2-dimension random variables for each unit. Then, [172] select a subset of pre-
treatment variables as the confounders unobserved confounders U. With known treated and con-
trol potential outcome (accessible in THDP), [172] designs the treatment assignment policy as:
P(T|Z,X)= o (G Zi+21§':’i( XTETT Ui)),T ~ Bernoulli(P(T | Z,X)), where Z1,Z, ~ N(0, 1),
myx and my are the dimensions of X and U selected from the IHDP.

PISA (https://www.oecd.org/pisa/data/) [121]. The PISA survey aims to evaluate the stu-
dents’ ability to apply their knowledge and skills to real-life situations [121], covering three main
domains: reading (131 items), mathematics (35 items), and science (53 items). [47, 138] selected
4,951 participants in March 2009, 4,041 participants in October 2009, and 3,989 participants in April
2010 and there were 3,472 students who participated in all three rounds. The distance to school
was expressed in the number of minutes as an instrument. Gender and type of school (General
comprehensive, Vocational with comprehensive program, and Basic vocational school) are used as
covariates.

Avon Longitudinal Study of Parents and Children (ALSPAC) (http://www.alspac.bris.
ac.uk) [117, 158]. The ALSPAC is a longitudinal birth cohort study of 14541 pregnant women
resident in Avon, UK, with expected dates of delivery ranging from April 1991 to December 1992
[56]. Similar to [158], through selection, Palmer et al. [117] uses four adiposity-associated genetic
variants as IVs for estimating the effect of fat mass on kid’s bone density, based on 5509 birth
cohorts.

MR-base (https:// www.mrbase.org/) [76]. Hemani et al. [76] develops an MR-Base platform
that integrates a curated database of complete GWAS results, which uses genetic variants as IVs.
The database comprises 11 billion SNP-trait associations from 1,673 GWAS and is under updated.

7.2 Codes/Packages

In this part, we provide a summary of the available code resources for IVs and causal inference, as
shown in Table 1. Furthermore, we have reproduced and integrated these codes, resulting in the
creation of an open-source toolbox called MLIV.

SProject Page: https://github.com/causal-machine-learning-lab/mliv
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Table 1. Available Codes of Methods for IVs and Causal Inference

IV-based Methods (Mainly focus on Machine Learning)

Method Language Link

DeeplV [66] python https://github.com/jhartford/DeepIV
KernellV [146] Matlab https://github.com/r4hu1-5in9h/KIV
DuallV [112] Matlab https://github.com/krikamol/DuallV-NeurIPS2020
DFIV [175] python https://github.com/liyuan9988/DeepFeaturelV
DeepGMM [18]  python https://github.com/CausalML/DeepGMM
AGMM [46] python https://github.com/microsoft/Adversarial GMM
CBIV [171] python https://github.com/anpwu/CB-1V
CBRL.CIV [41] python https://openreview.net/forum?id=qDhq1icpO8
AutolV [179] python https://github.com/junkunyuan/AutolV
AIV.GT [37] R https://github.com/chengdb2016/AIV.GT
econML python https://github.com/microsoft/EconML
CausalDCD python  https://github.com/anpwu/Awesome-Instrumental-Variable

8 Applications

In practice, unmeasured confounders are frequently encountered, making the use of IVs regression
algorithms essential in various machine learning applications, such as graph network learning,
reinforcement learning (RL), recommendation system, and computer vision.

8.1 Sociology and Social Sciences

In sociology and social sciences, causal inference aims to study the association between social net-
works and interference, also known as peer effects [51, 86, 116]. Peer effects refer to the influence
of an individual’s peers (those they are connected to or alter) on their behavior [116]. However,
eliminating peer effects in observational data is challenging due to contextual confounding, peer
selection, simultaneity bias, and measurement error [1].

Taking the city-level characteristics serve as instruments, [52] study the effect of the neighbor-
hood dropout rate on the individual’s chance of finishing high school. To explore whether moving
to a lower dropout rate would lower one’s chance of dropping out, [51] used characteristics of
the local labor market (or city) as instruments, and the results suggested that neighborhood condi-
tions do influence an individual’s likelihood of finishing high school. Besides, researchers and data
scientists have an increasing interest in social network services in Facebook, X (formerly known
as Twitter), WeChat, and so on [61], which are collectively called “social media”. Adopting an
IVs approach, [61] explored the effect of social network services on social capital. [61] suggested
that high-intensity users are higher in network social capital than non-users of social network
services.

8.2 RL

In RL, an agent aims to maximize cumulative rewards by taking actions in an environment
[109, 165]. Many RL concepts are analogous to causal inference, such as treatment as the agent’s
action, the environment as the confounder, and cumulative reward as the outcome [50, 54]. Due
to the Markov property, reinforcement learners typically have access to environment information,
satisfying the unconfoundedness assumption [88, 89, 99]. Common methods in RL for unbiased
reward estimation include importance sampling weighting and doubly robust policy evaluation
[48, 122]. Under unconfoundedness, various approaches can estimate the state-action value (Q-
function) [97, 152, 153, 185]. To relax the unconfoundedness assumption, IVs have been introduced
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for policy optimization [36, 102, 105, 176]. In the context of offline policy evaluation (OPE), im-
proved Q-function estimators have been proposed using IV techniques, leading to competitive new
methods [36]. By leveraging IVs, a conditional moment restriction (CMR) has been derived,
and an IV-aided Value Iteration (IVVI) algorithm has been developed based on a primal-dual
reformulation of CMR [105]. Furthermore, recent work applies IV Regression to correct bias in RL
algorithms under time-dependent noise [102].

8.3 Recommendation System

Another application, highly correlated with the treatment effect estimation, is the recommenda-
tion system [135, 153, 164, 177]. Exposing the user to an item can be viewed as a specific treatment
and the user’s behavior (click or activity) is the corresponding outcome. To eliminate the bias
from the unmeasured confounders and the self-selection of the users, [142] proposed an IV esti-
mate of the click-through rate, where the shock is the instrument, the treatment is exposure to
the focal product, and the outcome is click-through to the recommended product. Jointly consid-
ering users’ behaviors in search scenarios and recommendation scenarios, [143] embedded users’
search behaviors as IVs and implemented a two-stage regression for an unbiased estimate of causal
effect.

8.4 Computer Vision

Computer Vision is a typical field of artificial intelligence (AI), suffering from unstable learning
and lacking generalization ability [136]. To achieve a proactive defense against adversarial exam-
ples, [155] proposed to use the IV that achieves causal intervention. Using “retinotopic sampling”
as IV [8], Causal intervention by instrumental Variable (CiiV) [155] algorithm implements a
spatial data augmentation using different retinotopic sampling masks and learns features linearly
responding to spatial interpolations. In Domain Adaptation, [178] claimed that the input features
of one domain are valid IVs for other domains. Inspired by this finding, we design a simple yet ef-
fective framework to learn the Domain-invariant Relationship with Instrumental Variables
(DRIVE) via a two-stage IV method.

9 Conclusion
9.1 Future Direction

Relaxing IV Assumptions An instrument must meet three assumptions: relevance assump-
tion, exclusion assumption, and exogeneity assumption. To relax the exclusion assumption, we
can use mediators to block out the direct effect of the IV on the outcomes. For CIVs, we can at-
tempt to recover the unmeasured confounders affecting the IV based on conditional independence
constraints and adjust accordingly.

Combining IV Regression with Confounder Control Traditional IV regression methods
often overlook the bias caused by observed confounding variables. Even with the use of CFN,
investigators do not control for confounding of the recovered residuals. Developing a more robust
IV regression method that considers confounder balance is a promising direction.

Reducing Unmeasured Confounding without IVs In reality, IVs may not always be
available. Historically, observational datasets and randomized controlled experiments have been
considered separately. However, even if randomized controlled experiments are expensive, small-
scale randomized controlled experiments can still be conducted. By considering small intervention
data and a large amount of observational data, i.e., data fusion, it is possible to establish causality
without confounding bias. This approach presents an opportunity to further advance the field
and improve our understanding of causal relationships in complex real-world problems.

ACM Comput. Surv., Vol. 57, No. 11, Article 292. Publication date: June 2025.



Instrumental Variables in Causal Inference and Machine Learning: A Survey 292:29

9.2 Conclusion

In this survey, we provide a comprehensive overview of IVs in causal inference and machine learn-
ing, emphasizing their importance in addressing unmeasured confounders affecting treatment
and outcome variables. We delved into the identification conditions of IV regression methods
under common assumptions and explored three research areas: 2SLS regression, CFN approaches,
and IV generation techniques, covering both classical causal inference and recent advancements
in machine learning. We summarized available datasets, algorithms, and real-world applications
in fields like graph network learning, reinforcement learning, recommendation systems, and
computer vision. Additionally, we identify open problems and suggest future research direc-
tions to advance causal inference and machine learning. By bridging the gap between causal
inference and machine learning, this survey aims to inspire further research and development,
leading to a better understanding of complex systems and more informed decision-making
processes.
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